Abstract. We present an elementary proof of the following statement: Let P (x) be a univariate, monic polynomial of degree n with coefficients in some field k of characteristic zero and let P (i) denote its ith derivative. Then P (x) has a common root with each of its derivatives P (i) (1 ≤ i ≤ n − 1) if and only if there exists a ∈ k such that P (x) = (x − a) n . We can even strengthen the statement by weakening the condition in the following sense: P and P (n−1) have a common root if and only if there exists a ∈ k such that P = (x − a) n .
Introduction
Let k be a field of characteristic zero and P ∈ k[x] a univariate, monic polynomial of degree n. Let P (i) denote the ith derivative of P . The following statement was introduced by Casas in [1] as an auxiliary result in his work on singularity theory:
(1.1) P and P (i) have a common root for every (1 ≤ i ≤ n − 1)
⇐⇒ there exists a ∈ k such that f = (x − a) n .
In [3, 4] Diaz-Toca and Gonzales-Vega mentioned that the non-trivial part of this statement is still an open question. They tested the truth of this conjecture upto degree five by using several Computer Algebra tools [3, 4] . In this paper we will present an elementary proof of conjecture (1.1). Moreover, we can even weaken the condition and will prove the following theorem. 
n , (ii) P and P (i) have a common root (depending on i) for every 1 ≤ i ≤ n − 1, (iii) P and P (n−1) have a common root.
Clearly, the implications (i) ⇒ (ii) ⇒ (iii) are trivial. Hence the essential part consists in proving the implication (iii) ⇒ (i).
Proof of the Conjecture
Letk be an algebraic closure of k. Assume we have proven Theorem 1.1 in case of algebraically closed fields and assume P ∈ k[x] such that P and P (n−1) have a common root. Then there exists a ∈k such that P = (x − a) n . However, since k has characteristic zero, one immediately obtains a ∈ k (e.g. use the fact thatk/k is a Galois extension). Hence it suffices to prove Theorem 1.1 in the case k =k. Thus, for the sequel let k denote an algebraically closed field of characteristic zero.
For any n ∈ Z we define n + = max(n, 0). The essential ingredient of the proof of the conjecture is the following proposition. The case ν = 1 of this proposition is usually used to prove the well-known formula f red = f / gcd(f, f ′ ), where f red denotes the reduction (i.e. square-free part) of f (see, for example, [2] ).
er be the factorization of P , a i = a j for all i = j, e i ≥ 1 (1 ≤ i ≤ r) and let ν ≥ 0. Then
where
Proof. We proceed by induction on ν and start proving the case ν = 1 by induction on r. If r = 0 the assertion is trivial. So assume r > 0. Let
e 1 P 1 and P 1 (a i ) = 0 for all i > 1. Applying the usual rules of differentiation, we obtain P ′ = (x − a 1 ) e 1 −1 (e 1 P 1 + (x − a 1 )P ′ 1 ). By the induction hypothesis
is a polynomial such that H 1 (a i ) = 0 for all i > 1. Hence we obtain
One easily verifies that H(a i ) = 0 for all 1 ≤ i ≤ r. Hence the case ν = 1 is proved.
Assume now that ν > 1. By the induction hypothesis we have
where H 1 is a polynomial which does not vanish on any of the a i (1 ≤ i ≤ r). Let
we have a i = b j for all 1 ≤ i ≤ r, 1 ≤ j ≤ s and thus (2.1)
fs is the factorization of P (ν−1) . By applying the case ν = 1 to (2.1) we obtain
whereH is a polynomial not vanishing on any of the a i and b j (1 ≤ i ≤ r, 1 ≤ j ≤ s). If we define the polynomial H by
Proof. This follows immediately from Proposition 2.1.
Proof of Theorem 1.1. Assume P and P (n−1) have a common root, i.e., gcd(P, P (n−1) ) = 1.
er be the factorization of P . By Corollary 2.2 there exists 1 ≤ i ≤ r such that (e i − n + 1) + ≥ 1, i.e., e i ≥ n. Since P has degree n, we obtain e i = n and P = (x − a i ) n , i.e. i = r = 1 and e 1 = n in the above factorization of P .
Conclusion
In this paper we have presented an elementary proof for a conjecture on the greatest common divisors of a polynomial and its derivatives and the roots of the polynomial. We succeeded in proving this conjecture by generalizing the well-known formula gcd(P, P ′ ) = (x − a 1 ) e 1 −1 · · · (x − a r ) er−1 to a corresponding formula for higher derivatives of P .
